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Application of Linear Active Four-Terminal Network Theory to Transistors

Introduction

With the advent of transistors, considerably greater usage has
been made of linear active four-terminal network theory. Some of this
usage has been complicated because of differences in terminology. This
bulletin is an attempt to express, in a unified system of nomenclature,
the application of linear aétive four-terminal network theory to tran-
sistors. It is hoped that this will serve as a step towards a standard

system of nomenclature.

Section | deals with the general properties of a linear active
four-terminal network. Section || is devoted to the tabulation of circuits
associated with transistor applications. For those transistor circuijt
properties not tabulated in this section, reference should be made to the
appropriate equations in Section |. Several examples of the application
of material in Sections | and || to transistor circuits are given in

Section I11.

1

Section |—Linear Active Four-Terminal Networks and Equations

In general, any linear active four-terminal network is characterized
by two equations which interrelate the currents and voltages at its input
and output terminals. These equations may be written in either nodal or
loop equation form.

4. Cilrcuit With Assoclated Generator And Load, And Equations
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Application of Linear Active Four-Terminal Network Theory to Transistors

B. Definition Of Transducer Parameters

The above circuit equations, which completely describe the small-
signal operation of the transducer, also serve as a guide to defining the

parameters. Thus, for example, if V, = 0, i.e., the output is shorted,
then y,, = 1,/V, defines y,, as the input admittance when the output is
shorted. Continuing in this manner all of the parameters may be similarly
defined.
NODAL LOOP
+ jb,, = input admittance with Zyg = Mgyt jXa, input impedance with
output shorted output open
+ jby,, = reverse transfer Zio T Fyg t jX40 reverse transfer 1)
(feedback) admittance (feedback) impedance
with input shorted with input open
+ jb,, = forward transfer ad- Zoy = Toy * jXo, forward transfer im-
mittance with output pedance with output
shorted open
+ jb,, = output admittancewith Zoa = Fag * X, output impedance with

input shorted

C. Transformation Equations

input open

In general, the parameters within each pair of equations are inde-

pendent of each other. The two sets of parameters,
by the following transformation equations:

NODAL
Yi1 = Zao/b,
Yia = =Z42/8,
Ya1 = —Zaalb,
Yoo = Zi1/b,
Zag Zag
A, =|z21 Zas

D. Definition Of Amplification Factors

In addition to the parameters already discussed,

in the reverse as well as in the forward direction

Current Amplification Factors

The current amplification factor is defined as the

introduced at the other pair of terminals.

however,

are related

LOOP
Y22/Ay
‘Y12/Ay
—Y21/Ay

Yii/Ay

Y1 Y12
Y21 Y22

it is convenient to
define various amplification factors which serve as indexes of performance. )
Since the network may in general be bilateral, each factor must be defined

ratio of the
negative of the current at one pair of shorted terminals to the current )
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a,y, = forward current amplification factor
= ratio of the negative current at the shorted output terminals to the
.current introduced at the input terminals.
a@,, = reverse current amplification factor

n

ratio of the negative current at the shorted input terminals to the
current introduced at the owntput terminals.

Voltage Amplification Factors

The voltage amplification factor is defined as the ratio of the
voltage at one pair of open terminals to the voltage applied to the other
pair of terminals. Note that voltage amplification as defined in reference
(6) is only the magnitude of voltage amplification as defined here.

Loy = forward voltage amplification factor
= ratio of the voltage at the open outpnt terminals to the voltage

introduced at the inpnut terminals.

W,, = reverse voltage amplification factor

ratio of the voltage at the open inpwt terminals to the voltage
introduced at the output terminals.

Power Amplification Factors

The power amplification factor is defined as the maximum power ampli-
fication in a given direction when the transfer impedance or the transfer
admrttance in the opposite direction is zero. This definition is intro-
duced for the first time since it is believed that the forward power
amplification factor in particular may be more useful than either the
forward current or the forward voltage amplification factor as a single
index of performance.

9., = forward power amplification factor

= maximum power amplification from the input to the output terminals
when the reverse transfer (feedback) impedance or the reverse trans-—
fer (feedback) admittance is zero.

9., = reverse power amplification factor

= maximum power amplification from the output to the input terminals
when the forward transfer impedance or the forword transfer admit-
tance is zero.

E. Equation For Amplification Factors

The amplification factors can be readily determined in terms of the
impedance or admittance parameters already defined.

NODAL LOOP
@21 = —Y21/Y12 Hos = Z21/2Z4,4
Cyp = —Yi12/Y20 Byo = Z30/Zg,
Bos = =Y21/Y22 Qoy =.Zp3/Z5,
Bio = =Y12/Y14 @13 = Z12/74,
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F. Input And Output Impedances

e g|?
. - Z23
21
4ry41Ta9
2
0 _ Z12
12
4ry1Ta,

The input and output impedances of the transducer undercircuit con-

ditions are, of course, dependent on the actual

load and source impedances

respectively. These impedances are readily determined by conventional

analysis and are given by:

NODAL
y; = 9; * jb; = input admittance
=y _Yi12¥21
v Yoao2*Y,

Yo = 9o * Jjby, = output admittance

_ Yi12Y2a

+
Yia Yg

Yoo

G. Amplification Under Arbitrary Conditions

LOOP
{ = r; + jx; = input impedance
_ Z12Z21
B Bga T T
z,2%Z,
o = g * JjX, = output impedance
_ Z12Z21
T Zyo
Zi4 Zg

The values of amplification for arbitrary values of generator and
load impedances are given by the following equations:

NODAL

Forward Current Amplification
¥21Y;
YialYoa2tY )=Yi12Y21

Reverse Current Amplification
¥1&Y9
Y22(Y11+Y9)‘¥1QY21

Forward Voltage Amplification

= - Y21
¥22+Y1

Reverse Voltage Amplification

_ Yio
¥11+Y,

Forward Power Amplification

2
- Y21 Gy
Ya2tY, 9,

LOOP

Forward Voltage Amplification

- 2,172,

Z13(222%2,1-25222,

Reverse Voltage Amplification

z Z
12 9

122(111+Z,)'112221

Forward Current Amplification

Zp1
Z,2%Z,

Reverse Current Amplification

Zi12
z“+Zg

Forward Power Amplification

By

™

Zo1
222+Zl

)

)
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Reverse Power Amplification

Yi2 Gg
Y11+Yg 9.

H. Equation For Conjugate Impedance Natch
The maximum power amplification
the load impedances are the complex conjugate of the

impedances respectively.

NODAL
Let: Let:
G 912921~ D12bp4
N
911922
B = D3 p901-b219g12
N
2911922
Then: Then:

Input Admittance

911 '1‘GN_B§ * j(bli_gliBN)

Output Admittance
922 'l_GN_BE i j(bzz“gzzBN)

Forward Power Amplification

|YQ1|2
911922[2+2/i'6|—5i1‘6"]

Reverse Power Amplification

2
|¥1J
911922[2+2/3‘Gn_3i -G

i

I. Equations For Image Impedance Natch

Theory to Transistors

Reverse Power Amplification

R
]

r
o

Zi12
211+Zg

is obtained when the generator and

input and output

LOOP

F12M21-X12X04

N Frialo2
_ X192T217X21 712
XN =
2ry341 75
Input Impedance
= r11l1—RN—X; *oixgamraa Xy)
Output Impedance

r22'1”RN‘X§ + jXgo=rg X

N

Forward Power Amplification

2
| 254

Fi1rz,(2+2/1-R =X2' =R, ]

Reverse Power Amplification
1212|2
r11r22[2+2/1—R'—X

£l
N _Ru]

The transducer is image impedance matched when the generator and load

impedances are equal to the input and output

NODAL

Input Admittance
YiaVI-0y20,,

OQutput Admittance

= YooV I-ay20,,

impedances respectively.

LOOP

Input Impedance

z,VI-0, ,0,,

Output Impedance

=2y ¥V 1-a, ,a,,
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e . a
Forward current amplification = - —=2L ‘
1+ 1-a,y .0, W .

LT

Reverse current amplification = - ———22
I*Vi-a,,a,,

Hoa

Forward voltage amplification _—
1+V 1-043 504,

Ko

Reverse voltage amplification S ——
1+V 11—y 5,05,

If all transducer parameters are real, )

R21Ho4

(1+VT=0;,a,,0°

Forward power amplification

@qoH,2
(1+'1'a12a21)2

Reverse power amplification

J. Equations For Iterative Impedance Natch

The transducer is iterative impedance matched if it is an element of
an infinite number (or the equivalent thereof) of cascaded identical

transducers. /D

NODAL LOOP
Let: Let:
_ Y11ty o Z11%Z99
Ym =T Zn -
Then: Then:
Input Admittance Input Impedance

Output Admittance Output Impedance

Tty AR TR M CETZ BRI

The equations in Section |G may be used to obtain the various circuit
amplifications.

K. Equivalent Circuits

While formal manipulation of the admittance and impedance parameters
of a network will result in the correct algebraic expression for whatever
quantity is desired, it is nevertheless convenient to be ablé to express »
the basic relationships of Section |A in terms of an equivalent circuit. -

10
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(i Two-Generator Equivalent Circuits

When two generators are used the circuit follows directly from-the
equations of Section [A.

11 NODAL I2 11 LOOP I,
+ O— ¢ O + + O O +
o
o
v 2 AL )
= o & > V. Vv + V.
( 1 > = o 2 1 o T 2
(] —-—
o o
’ | N = B
-0 - O — -0 O —
Single-Generator Equivalent Circuits
It is often desirable to express the network in terms of a single-
generator equivalent circuit. This may be done in several ways. For ex-
ample, z,, may be separated into two parts:
Zoa = Zyg¥(Zaai—Zis)s
( The basic equationsthen become
Vy * 25,1042, 1, |
|
|
Vo = z3,14%2,,1, ‘ +(z224-245) 1,
i
The expressions to the left of the dotted line represent a passive network
with a common mutual impedance, and hence is representable by a T network.
The remainder of the expression represents a voltage source. Hence the
corresponding loop network, shown below, can readily be drawn. For an
indication of the numerous other equivalent circuits that can be derived,
see reference (3).
NODAL LOOP
Iy Ip
—_— “Yie -

- O : —0O -

( Measurement of the actual parameters of a given network may be made
by the methods outlined in reference (5).

11
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Section l— Equivalent Circuits of Transistors

A compilation of the more useful transistor equivalent circuits is
given on pages eight and nine. Included with the circuits are the am-
plification factors and the transformation equations which enable one to
go readily from a nodal (or loop) derived equivalent circuit to any other
nodal (or loop) derived equivalent circuit. However, in order to go from
a nodal to the corresponding loop derived equivalent circuit, or vice
versa, the transformation equations of section IC are required.

The notation used in this tabulation was chosen in order to avoid
ambiguity among the various circuit parameters. When applied to the two-
generator equivalent circuits this notation basically consists of the
conventional two letter subscript. To this conventional notation, a third
subscript has been added, which designates the common terminal between the
input and output circuit. Thus z,,. is the base self impedance of the
transistor in a common-emitter circuit, and y.., is the transfer admit-
tance to the collector from the emitter in a common-base circuit. |f only
one circuit connection is being considered or if no ambiguity arises, the
last subscript designating the common electrode may be omitted.

When applied to the single-generator equivalent circuit, a pre-
subscript designates the common electrode between the input and output
circuits. For the n-equivalent or nodal-derived network, admittances are
used with the two post-subscripts designating the terminals between which
the admittance is located. Thus _y, . is the admittance between the base
and. the emitter in a common-collector circuit. For the T-equivalent or
loop-derived network there is one node in common with all the elements
of the T. Thus only one post-subscript is necessary to designate the
terminal to which the impedance is connected. Accordingly ,z_ is the
impedance in a common—-base circuit between the collector and the center
of the T. In both the n and T networks the generator parameter is desig-
nated by the subscript m. If only one circuit connection is being con-
sidered or if no ambiguity arises, the pre-subscript designating the
common electrode may be omitted.

When it is desirable to use admittances in place of impedances, or
vice-versa, ambiguity may be avoided by using reciprocal notation. Thus
1/Yeeb is the emitter self impedance in the two-generator, common-base,
nodal-derived, equivalent circuit, and 1/_,z_  is the generator admittance
in the single-generator, common-emitter, loop-derived equivalent circuit.

Section 11— lllustrative Calculations

Consider a junction transistor in a common-base circuit for which
the following low-frequency open-circuited impedance measurements have
been made.

Zy3 = Zgep = 199 ohms Zyy = Zeep = 0.503 megohm,

Zy, = Zgcp = 182 ohms Zop = Zecp = 0.5145 megohm

12
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Therefore the two-generator equivalent circuit @ of Section |l is:
I, I
—_— -
e O Oc +
\
Veb + + Veb
- " 6
‘ ZgopIc= 182 I Zgeple =0.503 x 10° T4
-0 - - 0O -
b

Using these data, theamplification factors can becomputed from Section IE,

21 = HBce © Zcen/Zeep = 2,930

zecb/zccb = 354 X 107°

Hio = MHgc 7
Goa = Ope = Zeeb!Zecy = 0977
12 = Gee = Zecp/Zeep = 0.915
VP = [0) = |ZC8J2 = 620
ce A e
4rubrccb
- = _lz g’ -
P12 Pec vﬁ—l:— = 81 x 10
eeb  ccb

Since all elements are real, the image match equations of Section II can
be used. Thus the input and output match impedances are:

Input Impedance = z o VI-a 0. = 64.8 ohms

Output Impedance= z _ vVI-a . a. . = 167,000 ohms

and the amplification values for these conditions are:

o

Forward current amplification = - ———=2& = -0,
p 1+ l-aecace 737
o
Reverse current amplification = - ———¢ = _0,690
p 1+ 1_aec ace 69
Forward voltage amplification = —i“———__‘= 1,910
1+ l_aECace I
Reverse voltage amplification = —/—=H_L|:= 267 x 107°
1+Vl-a o
P . o K
Forward power amplification = . = 1,408 1.5 db
3 g (1+I-a_ a0’ (3 )
.o . oW
Reverse power amplification = ec _ ec . -8
p p (lﬂ/l_a”a”ﬁ)'z— 184 x 10

The one-generator equivalent circuit can be obtained by using the @@
transformation equations of Section Il. Thus:

13



Application of Linear Active Four-Terminal Network Theory to Transistors

bZe = Zeeb — Zecp = 17 ohms bZc = Zcep — Zecp = 0.5145 megohm
bZb = Zecp =182 ohms bZm = Zcepb — Zecp = 0.503 megohm
so that the equivalent circuit @ of Section Il is:
I = N = N 1
e bZe 17 bch 0.5145M ~ c
+ e ANV d ¢ AMNVW —\_/+ Oc¢c +
> bZm Le=0.503 x 10° I, T
Y " V,
eb o cb
N
o
- 0 S O —

| f the common-emitter one-generator equivalent circuit is desired, the
transformation equations of Section || are used. Thus:

Voe = = Vep Vee = Veb = Ven
eZb = pZp - 182 ohms eZc = pZ¢c = pZm = 11.5 K ohms
eZe = pZe = 17 ohms eZm = —pZm = — 0.503 megohm
so that the equivalent circuit @ of Section || is:
i’ oZp =182 eZc = !1.5KN _Ic_
+ bO- AV . AN _O+ Oc +
r g eZm Ly~0.503x1081,
= - "
e eb N Vee® Veb ™ Veb
o
-0 = O -

If the common-collector one-generator equivalent circuit is desired, the
transformation equations of Section || are used. Thus:

Voe = “Veo vec = Veb = Veo

cZp % pZp * pZp = 0.503 megohm cZe = pZe = 17 ohms

cZc = bZc T pZm = 11.5 K ohms cZm = bZm = 0.503 megohm
so that the equivalent circuit @of Section |l is:

14
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Ip oZp =0.503M.n cZg =17 —~ le
+bO VWA a1 VW (3 Oe +
S cZm 1p=0.503x10° I},
Vbe =~ Veb "o Vec=Veb ~Veb
| B
— O & . O —

c

The amplification factors and the circuit amplifications for the common-
emitter and the common-colléector circuits will of course be different from
those values computed above for the common-base circuit. The appropriate
equations can be used to compute the new values.

|f a nodal—-derived equivalent circuit is desired, the transformation
equations of Section IC must be used. Thus, suppose that thecommon-emitter
one-generator equivalent circuit of Section |l is desired. There are
several different successive transformations that can be employed to
arrive at circuit . The following successive transformation will be

employed: @+@~>®—>@_
Thus, @DAD

Vbe = - Veb vce = Vcb - Veb
Z e Zeep = 199 ohms Zcpe = Zeeb — Zcep = —0.503 x 10° ohms
Zpce Zeep ~ Zecn - L7 ohms  Z..e = Zeep = Zecp ~ Zceb * Zecep - 11.5 K ohms
And @@ B, = ZppeZcce ~ ZpceZcbe - 10.84 X 10°
Yobe = Zcce/By = 1.06 x 107° mho
Yoce = —Zpce/bD,= —1.568 x 107° mho
Yepe = —Zcpe/bd,= 0.0464 mho
Yece = Zppe/d, = 18.37 x 10~° mho
Finally,
Ybe = Yope * Ypce = 1.059 x 107° mho 1/¢Ype = 944 ohms
Ybe = ~Ypce = 1.568 x 107° mho 1/¢Ype = 0.638 megohm
Yce = Yece * Ypce = 16.8 x 107° mho 1/¢¥ce = 59.5 K ohms

eYm = Ycbe = Ybce © 0.0464 mho

15
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so that the equivalent circuit@ is:

I I
8 /oY be = 0.638 M. c
+ b O— W 0 o ¢ +
T d : s e
b § 2> @ X
we % 3§51 v
S > 3 -
® o~ ®
> o >
- O ® e ® O -
A 9 Giertts
L. J. Giacoletto
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