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THEORY OF CONDUCTION IN ZnO VARISTORS
G.D. Mahan, L.M. Levinson, and H.R. Philipp

I. INTRODUCTION

Metal-oxide varistors are ZnO-based ceramic
devices with highly nonlinear current-voltage charac-
teristics. They are produced by sintering ZnO powder
together with small amounts of other oxide additives,
e.g., BigO3 and MnOg. The resultant structure is
comprised of semiconducting, n-type ZnO grains sur-
rounded by insulating barriers at the ZnO grain
boundaries. A review of the fabrication, micro-
structure, and electrical behavior of this material
is given in Ref. 1.

ZnO varistors have proved to be useful in a va-
riety of applications, particularly as high quality
voltage surge suppressors. Consequently, active
investigation has occurred in a number of labora-
tories to establish a mechanism for (dle_sl%xjibing the
extreme nonlinearity of this device. While the
experimental behavior of ZnO varistors is generally
agreed upon, the theories of varistor behavior
have been unable to account for more than a limited
portion of the measured data.

The observed current-voltage characteristic of
varistors is often empirically described by the power
law relation

I=kV%, (1)

where the parameter ¢ [ = d(1nl)/d(1nV)] is a measure
of the device nonlinearity. The parameter o varies
with voltage. In the breakdown region, o can attain
values well in excess of 50 and can exceed 100 under
special conditions.

In addition to the explanation of the high observed
values of ¢, a consistent theory of varistor conduction
should explain the other features generally observed
in these devices:

e The breakdown mechanism is substantially
independent of temperature with a small
negative temperature coefficient of break-
down voltage Vi, at fixed-current 15

-4< 1 dVb> < cn=3
[10 ~Vb<_dT I~10

e The varistor breakdown voltage is inde-
pendent(of carrier concentration in the ZnO
grains. 17)

e Both increased temperature and increased
ZnO carrier concentration increase the
varistor leakage currents. (5, 15, 17, 18)

e The varistor breakdown voltage is about
3 to 3.5 volts per grain barrier(19) and is
quite insensitive to the nature and amount
of the various additives, the details of the
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firing procedure, and the processing steps
used in the device fabrication. (1, 5) Indeed
ZnO varistors without Bi2gO3 have recently
been reported, (20) and we have verified that
these varistors (and other ZnO varistor sys-
tems without BigO3) have breakdown voltages
of about 3.5 volts per grain boundary.

e The varistor capacitance decreases some-
what with applied DC bias(1: 12) and then
sharply rises as the varistor enters the
breakdown region.

Most previously proposed theories of varistor
breakdown are either insufficiently nonlinear or have
other discrepancies with the ex?erimental data out-
lined above. Bernasconi et al. 11) and Philipp et al.
(Ref. 15) have commented on a number of these
theories. For completeness, a brief summary is
presented here.

A. Avalanche Breakdown

Breakdown processes in semiconductor junctions
often proceed via avalanche multiplication. The
current-voltage characteristics associated with this
process are extremely sharp, (21) ang correspond in
many cases to a > 1000. Avalanche breakdown is
characterized, however, by a positive temperature
coefficient of breakdown voltage. (22) znO varistors
invariably exhibit a negative temperature coefficient
of breakdown voltage.

B. Space-Charge-Limited (SCL) Currents

The space-charge-limited process describes
conduction within an insulator provided with ohmic
contacts. (2 When applied to ZnO varistors(z’ 1D
the SCL theory describes conduction in an intergran-
ular layer between adjacent ZnO grains. We believe,
however, that the intergranular layer plays a rela-
tively passive role in the varistor breakdown process.
SCL descriptions of varistor behavior also neglect
the injection problem at the grain-intergranular layer
interface. Although large values of a can be achieved
at the trap free limit voltage (VTp1,) this voltage is
proportional to the trap density in the intergranular
material. Hence Vg1, would be expected to be highly
variable upon altering varistor composition or pro-
cessing, in disagreement with experiment.

C. Thermal Activation Over a Double "Schottky"
Barrier

The grain-grain interface is represented in this
model by back-to-back depletion layer barriers with
either a finite or zero thickness intergranular layer.
For a general or exponential surface state density,
maximum o values are limited to a S 25 at room tem-
perature. (11, 14) While it is understandable that device



imperfection and inhomogeneity could reduce a theo-
retically predicted high value of o to a lower, experi-
mentally observed value, it is clear that any theory
predicting a lower o value than observed is faulty.

D. Simple Tunneling

The equations for Fowler-Nordheim tunneling(24)
through a thin intergranular layer region lead to maxi-
mum values of o ~ 30 at a current density of 10~
ampere/cmz. Although this theory accounts well for
the general insensitivity of the varistor breakdown
characteristic to varistor composition and processing,
and gives the correct negative temperature coefficient
of varistor breakdown voltage, the simple tunneling
model is inadequate to explain o values in the 50 to
100 range.

More recently, Bernasconi et al. (13) and Knecht
and Klein(25) have proposed a model based on back-
to-back depletion layer barriers in which for T,$4OOOK,
conduction takes place by a hopping mechanism involv-
ing localized states within the barrier. The hopping
process is described by an ad hoc parameter repre-
senting the number of hops made by an average elec-
tron upon crossing the barrier. An additional feature
of this model is a tunneling process from deep traps
(Ref. 13) or the valence band(25) of the ZnO into the
conduction band at the low side of the barrier. This
process serves to pin the ZnO conduction band edge.
When the tunneling voltage is achieved, the depletion
barrier height decreases rapidly with applied voltage,
thereby giving rise to very high values of a.

A difficulty with this model is that it predicts the
varistor breakdown voltage Vi, to vary with ZnO donor
density ny. For example, Knecht and Klein(25) pre-
dict that Vi, decreases bz about 20% as ng, increases
from 3 y 1016 to 3 x 1017 electrons/cm3. Experi-
mentally, however, Vp is essentially unaffected by
variations in n, as measured by infrared 8) and high
frequency 2 techniques. Van Kemenade and
Eijnthoven have also observed a general insensi-
tivity of varistor breakdown voltage to variations in
processing and formulation. A second argument
against this model is the need to justify the use of a
single ad hoc hopping parameter to describe electron
transport through ZnO depletion layers. These de-
pletion layers should have different defect concentra-
tions resulting from various fabrication procedures
and varistor ingredients.

We shall outline a theory of varistor conduction
which predicts high values of a and which is consis-
tent with the experimental observations listed above
(Ref. 27). The varistor breakdown mechanism is
described in terms of electron tunneling through an
abruptly thinned depletion layer at the ZnO grain
boundary. The electrical barrier for conduction is
modeled in terms of a double depletion layer barrier
as shown in Fig. 1. The ZnO grains are also sepa-
rated by an interface oxide layer which is assumed
sufficiently thin so that it does not provide the domi-
nant electrical barrier for the varistor current-voltage

INTERFACE
(a) (c)

Fig. 1 (a) Double depletion layer model at zero
applied voltage. Two ZnO grains are separated
by an interface of a different oxide, thickness
2a. The barrier height is Vg. The depletion
regions extend a distance xg,-a = -a-xp o into
the ZnO grains. (b) The application of a volt-
age V causes VR to increase in magnitude and
Vi, to decrease. (c) If the interface charge is
fixed, the back depletion layer vanishes (Vy, = 0)
at the critical voltage V, = 4Vp.

behavior. We suggest that the varistor breakdown
mechanism is controlled by hole creation in the for-
ward bias side of the double Schottky barrier. Our
calculations predict a breakdown voltage Vi ~ 3.2 eV
in good agreement with observation. We emphasize
that the holes in our model do not cause significant
current flow by their recombination. Instead they
affect the electron current by so altering the conduc-
tion band shape that electrons in the interface may
tunnel out more easily to the adjacent ZnO grain. Thus
the holes play a passive role in the current conduction.
Nevertheless the theory readily predicts high values
for the coefficient of nonlinearity a.

Our proposed theory of varistor behavior is pre-
sented in Section III. This theory evolved during a
time when simpler theories were tried and found
wanting. This was often the interplay between theory
and experiment, whereby proposed theories were
tested and found to disagree with new experimental
information. Nevertheless, in Section II we present
some of these simpler theories because they provide
insight into the basis for the complete theory given
in Section III.

II. PRELIMINARY MODELS

This section reviews our early theories and the
reasons for their rejection. In this succession of
theories, each becomes more complex to account for
experimental observations. The final theory, pre-
sented in Section III, may be understood as the final
step in this evolution. Other investigators were ex-
amining similar preliminary theories and rejecting
them for similar reasons. (11)

Throughout this discussion, several dimensional

symbols will be used. The first is a prefactor which

enters into most of the expressions for current

Jo = ngev ~ 105 amperes/cm?2 , (2)



where ng is the number density of electrons in the
ZnO conduction band (ng ~ 1017cm'3), their thermal
velocity is v ~ 107cm/sec, and e is the electron
charge. These combine to give a maximum prefac-
tor of about 10° amperes/cmz. This prefactor is
used in transport theories which describe the current
through or over the interface barrier. For example,
if the transport is by thermal excitation over the
interface barrier, the current at very low voltages
has the form

-8V
J=1J, 8Ve *B, (3)

where Vg is the barrier height and g = 1/kT. Ex-
perimentally the activation eneg‘gy is less than an
electron volt, Vg~ 0.8 evi4 5) At room tempera-
turg we then obtain BVg ~ 32 so that J =~ 10~2 ampere/
cm In fact, this is the correct order of magnitude
for the current density in the very low voltage re-
gion, where it is believed that transport is due to
thermal activation. (1, 4-8, 10-14)

There is an important relationship which one
soon appreciates in trying to construct models of
varistor behavior. This is not really a theorem, but
rather a rule of thumb relating the varistor nonline-
arity to the magnitude of the predicted varistor cur-
rents. Many theories of varistor breakdown are
models of tunneling through the interface barrier.
The tunneling probability is usually evaluated by
WKBJ theory, so that the current transport is given
by

e-W(V)

I~ d, ,

(4)

where W = Zfdx k(x) is the tunneling integral. Com-

paring Eq. (4) with Eq. (1) we obtain

OL=d1nJ =_dW(V) .
d InV d InV

(5)

Since most WKBJ integrals W(V) are smooth functions
of voltage, one typically finds ar-\%.n- W, so that

n
Eq. (4) becomes

- -Q
J~J e ™, (6)
where o is a smooth function of V.

The difficulty with this expression is that a ~ 50,
while Jg ~ 10° amperes/cm2, so that the current
density predicted by this formula is very small.
Unfortunately, this is supposed to describe the break-
down region, where the current density is becoming
very large, with J reaching the kiloampere range.
Thus the rule of thumb, Eq. (6), relating the varis-
tor nonlinearity a with the varistor current density
J illustrates the difficulties inherent in any theory
which has W a smooth function of voltage. This
point was also made by Bernasconi, et al. They
correctly observe that most breakdown mechanisms
fail to give a large enough a; alternatively if they
give a large enough a, they give too small a current
density.

The models we discuss have a sharp nonlinearity
in the junction characteristics; something dramatic
happens so that W is not a smooth function of voltage
in the breakdown region. This feature is necessary
for any tunneling model which describes varistor be-
havior characterized by a very sharp variation of cur-
rent with voltage, i.e., a 2 50.

A. Double Depletion Layer Model

We take as our starting point the double depletion
layer barrier model description of the interface be-
tween adjacent ZnO grains. It is generally accepted
(Refs. 1, 10-14) that such a model is appropriate in
the low voltage region, i.e., before varistor break-
down is initiated. Difficulties with this model occur
upon extending it to the highly nonlinear varistor break-
down region.

We consider two ZnO grains separated by an inter-
face layer which is another oxide. The thickness and
composition of this interface oxide are uncertain, in
spite of intensive study. (1,2,12,28) The configuration
is shown in Fig. 1. The interface layer has a thickness
2a. In addition there is a depletion region in each ZnO
semiconductor side, of width xg-a and -a-xy, on the
right and left sides, respectively. AtV = 0, the de-
pletion region has a thickness

. Vg 1/2
-—;a-x, =X -as|-2=. s (7)
Lo Ro 2TTnOe2

where Vg is the barrier height.

By using constants appropriate for this system
(eg~10, n,~10 e1ectrons{cm3, Vp~0. 8eV), one cal-
culates that XR,-a ~ 1000 A. This number agrees
with the junction thickness 2(xRo-a) ~ 2000 A deduced
from capacitance measurements. (1,2, 10-14) Tpe
actual interface thickness is quite variable in these
polycrystalline ceramics. Some interface regions
are quite thick; others appear quite thin. Our as-
sumption is that transport is through the thinnest
interface regions, which are probably much less than
30 A thick. (12, 28) We shall thus assume xp_ >> a
and ignore thickness a, since it is unimportant in our
theories.

An important aspect of the interface models is
charge conservation. Since the depletion region con-
tains a net amount of positive donor charge no(xR -xL),
then an equal amount of negative charge is somewhere
in the interface region. ZnO, however, is believed to
have no intrinsic surface states whatsoever in the band
gap. (29) This implies that the negative charge resides
in the interface oxide. We have assumed that the inter-
face region is fairly thin. The interface region is as-
signed a charge per unit area g. Although this has the
dimensions of a surface charge, we mean it to be a
bulk charge spread over a thin interface of thickness

2a. An estimate of the interface trap density needed
to accommodate this is
2Xp n -
oy~ —— . 108 16 101% em ™3, (8)
T 2a



for an interface thickness between 100 i and 10 A.
This trap density in the interface oxide appears rea-
sonable, since it unquestionably has many bonding
defects. The symbol o, will be used for the inter-
face charge at zero applied voltage.

The first requirement of any model of varistor
behavior is a formulation of how this interface charge
density changes with applied voltage. Different
models have been proposed. One preliminary model
which we investigated thoroughly makes the assump-
tion that it does not change. This model will now de-
scribed.

Since the interface region has an overall charge
neutrality, our assumption that the density of nega-
tive charge is fixed forces the amount of positive
charge to be fixed. The amount of positive charge
is just that in the two depletion regions

0o = 0y (xp (V) - x1 (V) = ng (xg + |xq,])- (9)
Although both xp and |xp,| vary with voltage, their
sum must be constant.

The other equation needed in this model is given
by noting that the applied voltage per junction V is
the difference of the barrier heights on the two sides
of the junction, i.e.,

2
2me ng 2 2
V—VR-VL—T(‘{R - X, > (10)
Equations (9) and (10) are easily solved for Xp
and xp , with the result
2
Vg = Vgl + V/4VB)
2
Vi, = V(1 - V/4vg)
11
XL = XLo(l - V/4VB) ( )
Xp = Xgy(1 +V/4vy) -
The current flows by thermal excitation over the
barrier, and is given by the relationship
- -BV
J:Jo(e VL _ 7P R)' (12)

Our sign convention is that positive current and
voltage mean electron flow to the right. Figure 1(b)
shows the junction region when a positive voltage is
applied. The right hand conduction band is lowered,
so that Vi becomes larger. Also, the depletion re-
gion on the right is widened, so that xR is increased.
On the left side of the interface, the conduction band
is raised and the depletion region is correspondingly
narrowed.

According to Eq. (11), the left depletion region
vanishes at a voltage V, = 4 Vg. We could thus in-
terpret V  as the critical voltage for varistor break-
down in this model. Others who have examined this

model have assigned breakdown to a lower voltage,
when the left depletion region is small but not zero.
(Refs. 10, 11) Their assignment however does not
lead to a theory possessing sufficient nonlinearity.
We note also that for V < VC the junction current as
given by Eq. (12) obeys the rule of thumb given by Eq.
(6), i.e., if o is high, the current is low. However,
if breakdown occurs when the flat band condition is
reached, as shown in Fig. 1(c), then the current has
a dramatic nonlinearity. For V >V, large amounts
of current can flow with the junction offering no more
resistance. Depending now on how one limits the cur-
rent flow by putting some dissipation into this model,
one may get values of o as high as one likes. The
current-voltage characteristics are shown schemat-
ically in Fig. 2. Note the presence of a cusp in the
curve at V.=V _. For V< V_, the curve is essen-
tially a plot of Vy, in Eq. (11), and the cusp arises
from the parabolic dependence of V;, on applied volt-
age.

InJ

Fig. 2 Schematic of current-voltage characteristics
for the model of Fig. 1. A sharp cusp in the 1nJ
versus V curves is predicted at the voltage Ve
where V1, = 0 (flat band). The cusp is not observed
experimentally.

This model has several attractive features. It
predicts a critical voltage V, = 4V = 3.2 eV which is
in the correct range of experimental results. (18,
Another positive feature is that the breakdown mecha-
nism has no explicit temperature dependence.

This model for varistor breakdown also has sev-
eral features which disagree with experiment. First
the experimental In(I) vs. V plots 1) do not demonstrate
the cusp behavior shown in Fig. 2. Although the cusp
may be softened or smeared by averaging over junction
thickness or other device characteristics, our attempts
to do these averages show that the cusp shape remains.
Its absence in experimental data is viewed as damaging
evidence against the above model. A second experi-
mental disagreement follows upon noting that the model
predicts a strongly voltage-dependent activation energy
E, in the varistor prebreakdown region. From Eq. (11)
we have

_ _ 2
E, =V, =Vg1 -V/VC) . (13)



This is a simple prediction which is easy to test.
The test fails. The experimental activation energy
is only slightly voltage dependent in the prebreak-
down region.

The typical voltage dependence of the activation
energy E, for a 250 volt breakdown voltage varistor
is shown in Fig. 3. The insensitivity of EA to'V
can be regarded as conclusive evidence against this
model. It also indicates that the interface charge
density must vary with applied voltage, since that is
the only assumption of the model. All of our other
models incorporate a variation of charge density in
the interface as the voltage is changed in the junction
region.

ACTIVATION EN

| |

| 1
40 80 120 160 200 240
V(VOLTS)

1

Fig. 3 Experimentally measured activation energy
Ep as a function of applied voltage. This partic-
ular sample had Ey = 0.73 eV at V = 0. Note that
E A changes only slightly with voltage until the
breakdown region, V ~ 250 volts.

The above model also has the feature that the
capacitance is a constant in the prebreakdown re-
gion with

Ae
o

C (14)

o 8an 5

The experimental capacitance decreases slifhtly with
voltage in the prebreakdown region. (1,12, 19) 3n4 in
the breakdown region the experimental capacitance
rises dramatically. There is no way we have found
to explain this within the model of constant interface
charge.

B. Two Step Transport

This section describes a model of prebreakdown
behavior in which the restriction of fixed interface
charge is relaxed. The immediate goal is to explain
why the measured activation energy Ep for thermal
excitation over the barrier is insensitive to voltage
in the prebreakdown region. From the results of
Section ITA, we must require that the negative charge

density o changes with voltage in the interface region.

This may only happen if the electrons stop and spend

This is another argument against this model.

time in the interface during their passage through it.
Thus we are led to a model of two step transport. We
assume that the electron transfer from ZnO to the in-
terface, and then on to the next ZnO grain, are sepa-
rate steps in the transport process. The theoretical
procedure is to write a rate equation for each step.
The interface charge o is obtained by insisting that
the current is conserved in the steady state; as much
current flows into the interface as out. In this way,
one obtains o(V), the steady state interface charge
density as a function of applied voltage.

The four transport steps are defined in Fig. 4.
On the right or left, current may flow either way be-
tween ZnO and the interface. The current flows from
ZnO onto the interface are assumed to proceed by
thermal activation. At low voltages (prebreakdown
region), the depletion regions are so thick, that tun-
neling through them is very improbable. The activa-
tion energy is just the barrier height on the respective
sides

Ji1, = I e BVL,
(15)

Jg=J,¢PVR"

The current flow from the interface to the ZnO grains
is assumed to be proportional to the charge density in
the interface. It is also assumed that the flow is
thermally activated. This is certainly valid at low
values of V, but the assumption needs modification at
higher values of V. This has been done, and the re-
sults are discussed below. For the present discussion,
we examine the model using thermal activation for elec-
tron transport. In equilibrium with V = 0 the chemical
potential is constant in the system, so that traps in the
interface must be filled to the same chemical potential
as in the ZnO grains. This means that the activation
energy at V = 0 for transport from the interface must
also be Vg, the zero voltage barrier height. Our last
assumption is that the barrier height for the thermal
excitation from the interface does not change when the
interface charge density increases. This is equiva-
lent to assuming that the trap density in the interface
oxide is high, which seems reasonable. Although this
assumption is ad hoc, it has the merit of simplicity.

It then follows that the current flow from the interface
oxide to the ZnO js given by

BV

Jo. =4d B (16)

2L 2R

E)

= che-
where J2 is a constant which is determined below.

The next step is to write the equation of continuity
for current. In the steady state, with constant applied
voltage, as many electrons flow into the interface as
from it. This then implies

J,_ +J,_=J_. +J BVB. (17)

1L IR T Jar, T Iag = 20,0
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Fig. 4 Labeling scheme for the two step
model of charge transport.

using Eq. (16). From Egs. (17) and (15) we obtain
the interface charge density '

J - =Y -
o=2 |e BV Vg B(VR-VE)

: (18)
2J2

The value of J, is obtained from the zero voltage
equilibrium condition where V. =V_ =V_ ando=0 .
It follows that L & 8 @

Jy = Jo/oo . (19)

Substituting Eq. (19) in Eq. (18) we obtain

BV, V) | =BV V) | (20)

In Eq. (20), S = g/o, is the normalized interface
charge.

To solve for S, V., and V, as functions of
L R % : ;
V = VR - Vi,, one more equation is required. This
equation is obtained from charge conservation at the
junction. Since the amount of interface charge must
equal the amount of positive charge in the depletion
region, we have

o= no(xR -x1,) - (21)

Since the junction width is proportional to the square
root of the junction voltage we obtain from Eq. (21)

1

S:
Z/VB

Vvg /Y. (22)

These equations were solved numerically to obtain
the dependence of S, Vi, and Vi, on V. The numeri-
cal results may be represented, with a very high de-
gree of accuracy, by the approximate analytical solu-
tion

V>0: VR = VB +V

A%

LVB

1
S—E(I +/1'+v7VB) (23)

V<o

S=30+/T-V]Vg).

The error in the analytical approximation is only of
the order kT = 0.025 eV. One can also show that in
this model the current flow to the right is exactly
given by

-BV

J=J -J =J e

B
i ot = 9, S tanh (gV/2). (24)

For V >> kT the hyberbolic tangent becomes unity,
and the only voltage dependence of the current is
through S(V). By using the approximate forms, we
obtain the prebreakdown current behavior as

_BV

1 B
S=57, 1 +/TH]V[]VgG) e tanh (BV/2).  (25)

Thus in the prebreakdown region the current J is
thermally activated, and the barrier height VB is
voltage independent.

In this model, the double depletion layer barrier
behaves largely as a single metal-semiconductor
Schottky barrier. The junction behavior becomes
very one-sided, with the full voltage drop (within
about kT) on one side. The left side of the junction
hardly changes its barrier height or the thickness of

the depletion region. This behavior is experimentally

verified in Fig. 3.

It is interesting to derive the junction capacitance

C in this model. From Eq. (23)
)

C
C===4

i O
dv 7 /1 + V]V
1+V B

i.e., C decreases slowly with V. The experimental
capacitance also shows a slow decrease with increas-
ing voltage in the prebreakdown region. '+ The
theoretical dependence [Eq. (26)] is, however, too
steep -- it falls about 50% by the breakdown voltage,
while the experimental decrease is only around 20%.

The two step transport model provides a reason-
ably satisfactory account of the prebreakdown region.
The main problem with it is theoretical. We have
checked the assumption that the transport would all

be thermally activated and found it untrue in one case.

At large positive voltages, when the electron flow is
to the right, the transport from the interface to the
ZnO becomes dominated by tunneling rather than by
thermal activation. This is because the tunneling
barrier becomes very thin at large values of V. We
have therefore modified the theory to take this into
account. This is described in Section III, where we
present our final theory of the varistor behavior.

(26)

&




III. VARISTOR THEORY

A. Prebreakdown Region

Our model for the prebreakdown region is an ex-
tension of that discussed in Section IIB. The inter-
face has a charge density S = ¢/o_ which varies with
applied voltage. Transport is viewed as a two step
process whereby electrons go from ZnO to the inter-
face in one step, and on through the interface to the
next ZnO grain in the second step. The interface
charge S is determined by self-consistently solving
several coupled equations which express the conserva-
tion of charge and current.

According to the definitions in Fig. 4, current
flow is conserved if the four currents obey

1= (J1 ). (217)

+ J
L JlR) / (JZR + 2L

The transport from the interface Jo7 + Jop is
assumed to be proportional to the amount of interface
charge o. When the electron flow is to the right, our
calculations show that the right hand ZnO depletion
layer becomes thin enough that tunneling through it is
important. For right hand electron flow, we modify
Eq. (16) for the transport from the interface to the
ZnO, to give

_BVB

JZR =J Se /\(VR) s (28)

VB BE -W(E, V)

i R
where A(VR) i / dE e e , (29)

0

Vo oE -W(E, Vg)

u=/ dE e e : (30)
0

/VR = E]} s (31)
and

w2 = 4m ez/me
p o o

The integral in A(VR) is over the interface energyfrom
the top of the barrier (E = 0) down to the Fermi level
(E = VR) in the interface. The factor exp (-W) is the
WKBJ tunneling probability through the barrier, and
exp [-8(VR-E)] is the probability of a particle being
thermally excited to this energy. The factor uis a
normalization integral. At low voltages, tunneling is
improbable, and transport is by thermal excitation;
the main weight of the integrand comes from E ~ 0
and A ~ 1, At higher values of V, as the Schottky bar-
rier becomes thinner, tunneling is more likely, and
the electrons move through the barrier at larger val-
ues of E (E is the energy measured downward from

the top of the interface). The factor A increases by
about a factor of ten from zero voltage up to a critical
voltage V.~ 2.4 eV (initiation of breakdown, see
below). The derivation of Eq. (31) is given in Appen-
dix A.

In the same way as we have generalized Jo to
take account of tunneling as well as thermal excitation,
one could also take similar weighted averages of tun-
neling and thermal excitation for the other three trans-
port steps. These currents, are however, dominated
by thermal excitation, so we did not do so. The other
three factors in Eq. (27) have the same definitions as
in Section II, so that Eq. (27) may be rewritten as

S e BV Vplie BV Vg - BV -V) 1+ePV]
- - e (ite |
I+A(V) 1+ (V)
R R
(32)

In deriving the right hand equality, we used V=Vp - V[,
The third equation linking our three unknowns (S, VR,
and Vp ) follows from charge conservation as in Eq.
(22)

S-—1 (33)

2/VB

Iy +va]

These three equations were solved self-consistently
to obtain S, VR’ and V; as a function of V. The so-
lution is very similar to the prebreakdown model of
Section II. For electrons flowing to the right (V> 0),
we obtain, for example, the approximate solution

V.= Vs

= +
VR VB \%

S %[1 +/1 + V/VB

(34)

"

This is identical to Eq. (23). These values arehardly
changed, even when A(v) increases by a factor of ten
over the value of unity assumed in Section II. The
reason for this is deduced upon examination of the
right hand side of Eq. (32). Since S remains of order
unity in the prebreakdown region, an increase in A
must mean that

-B(Vy,-Vy)

e A\

(35)

Since g = 40 at room temperature, then Vi, - Vpneed
only change by 0.1 eV to satisfy this identity. So Vp,
changes only by about 0.1 eV in the prebreakdown re-
gion while VR changes the remaining amount. Again
the voltage drop is very one sided, with the back side
of the junction hardly changing its activation energy

VL while V is changed. As we noted earlier, measure-
ments on varistor samples show that the activationen-
ergy in the prebreakdown region is in fact insensitive
to voltage (Fig. 3).

In order to calculate the current, we use the fol-
lowing expression for electron flow to the right
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SA (VR) -e

from Egs. (28) and (15). For V >> kT ~ 0. 03 eV, the
second term in brackets may be ignored. Then the
current is given by the product SA(VR). In the pre-
breakdown region, S increases only by 50%, while
A(VR) increases by a factor of 10. This is in agree-
ment with actual varistor behavior, which shows a
much larger increase in current than would be ac-
counted for by the factor S alone.

While the factor A(VR) is quite important in de-
scribing an increase in the current as electrons be-
gin to tunnel through the depletion layer barrier rather
than being thermally activated over it, this increase
in current seems to have little influence on other pre-
breakdown varistor properties, such as the interface
charge density S or the activation energy as a function
of voltage. Thus, the capacitance is still given by
Eq. (26). It depends only on the charge densities,
which are not altered by the increased tunneling.

This model agrees with the experimental proper-
ties of varistors in the prebreakdown regime. The
capacitance decreases slowly with increasing voltage.
The current is thermally activated, with a voltage in-
dependent activation energy. The current increases
smoothly with voltage, with no unusual behavior until
breakdown.

B. Breakdown Region

In our model the highly nonlinear breakdown be-
havior of varistors is caused by hole creation in the
ZnO. This happens when the conduction band drops
below the top of the valence band on the same side of
the junction. The case of electron flow to the right is
shown in Fig. 5. The chemical potential on the right
is taken at the conduction band energy. It is assumed
that this chemical potential is constant on the right of
the interface so that holes are present near the inter-
face. Holes first appear in the valence band of the
right hand ZnO grain at a voltage given by

-V_~3.2-0.8=2.4¢eV, (37)

G B

where Eg is the ZnO band gap. (31) Here V. should

not be identified with the so called varistor breakdown
voltage Vy,. Experimentally Vy, is defined as the volf-
age at which the device current density J = 1 ma/cm®.
Varistor breakdown is initiated well before this current
density is achieved. Values of Vy (calculated numeri-
cally) are given below.

V ~E
C

Referred to the valence band edge, the hole chem-
ical potential is

V_ -E

My T VR G (38)

We assume that the holes live a long time, i.e., that
electron hole recombination is slow. The pronounced

0,9 %"
Jos0e

00,

|
|
Zn0 {
X

2 R R RN RN

INTERFACE
XR
Fig. 5 The hole model. The holes are created on
the forward side of the junction whenever the hole
chemical potential is below the valence band edge.
The electron tunneling from the interface is indi-
cated by the arrow labelled J.

current nonlinearity, corresponding to the initiation
of varistor breakdown is not due to the hole recombi-
nation. Rather it is caused by the drastic change the
holes make in the conduction band shape U(x) near the
interface. The electrons still tunnel from the inter-
face near its energetic top, as shown by the arrow in
Fig. 5. This tunneling becomes much easier because
the tunneling barrier becomes very thin, i.e., the
holes cause thinning of the potential barrier to elec-
trons tunneling from the interface.

The change in potential shape is calculated from
Poissons equation

2 2
-d——-—U=41.Te n_(x) +n (39)
2 € H o|
dx o
where ny(x) is the hole charge density. It is calcu-
lated in the Thomas-Fermi approximation as
L 7oy 32 3/2
= e [ &I -
n (o) = =% (hz ) [U “H] 40
3m
It is convenient to define
f(x) = U(x) - Hy (41)
so that Eq. (39) becomes
d2 4ne2 1 [2mf 3/2
RN e N E 42)
dx o L3m 1
Multiplying by df/dx and integrating gives
€ 2 5/2
—2o0 (LV.ps  +r+c (43)
2 dx
8me no



where b is given by

b_1= Enzn (ﬁ)S/Z (44)
2 o \2m
and C is a constant of integration with
C=V, -u.=E (45)

R "H G

Details of the derivation of C are given in Appendix B.
NOtf that the constant b is quite large, so that the term
bf2/2 is the largest on the right whenever f is not near
Zero.

From Eq. (43) the shape of the potential barrier
is reduced to a quadrature

f
1/2 (x) 1

2
8me no (46)

5/2
(.. - x) :f dy EG+y+bY/

H
G:O
0

where y = (Yno)l/2 (xgp-x) and y = 2‘[‘\’62/60 are intro-
duced in Appendix A. The constant xy is the maxi-
mum extent of the injected holes, as shown in Fig. 5.
Since the integral on the right is absolutely conver-
gent, even when f(x) = », there is a maximum abso-
lute value of xyy. This equation determines xyy, since
all other quantities are known.

The injected holes will result in a large increase
in the positive charge density in the depletion regions.
Because of charge neutrality, there must be an equal
amount of electron charge in the interface. Thus the
model implies the interface must charge up to cancel
the charge of the holes. The total amount of charge
in the hole region is

*H
[ ¥ (47)
. = Jdx nH(x) n
o
which from Poissons equation gives
€
_ %o [qat g
nT - 2 [(dx) (dx ] f48)
4me o

We can evaluate Eq. (48) using Eqgs. (43) through (45),
and from this we obtain a simple expression for the
electron charge in the interface during breakdown

5/2 1/2
s

This expression is similar to the prebreakdown re-
sults [Eq. (22)]. In the breakdown region, the last
factor in the square root totally dominates, so that
an adequate approximation is

S (49)

.
2/Vg

which is basically just the hole charge.

Another equation for S is obtained, as before, from
the two step transport model. The current from the
hole recombination is assumed small, and can be ne-
glected, so the two step transport model has exactly
the same mathematical form as in the prebreakdown
model, i.e.,

- E BV
S:ee(vaB)<1+e )

(51)
1 +A(VR)

The main difference is that now A(V_) becomes very
large in the breakdown region. This occurs because
the holes make the tunneling barrier very thin. The
same equation [Eq. (29)] is used to evaluate A(Vy),
except the WKBJ tunneling integral is different. ‘One
must account for the thin barrier due to holes. There
are two possible situations. For E < Mg the electron
tunnels through a barrier which is totally determined
by the shape deduced from Eq. (46) (see Appendix C)

VE-y

E
2
W(E,V_)=— [d .
R hup fo y\/VR-y +b(uH—y)5/2 (52)

In the case E > upy, the electron tunneling trajectory
is partly in the potential region determined by the
holes (W), and partly in the region where there is
a parabolic conduction band shape for x > xyg, (W)
i.e.,

W = W1 +W2, where

o
H ,/E-HH‘Fy

W, = hi[ dy == and (53)
u‘)p o /EG +y + by ‘
_— \/EG+\/E‘“H

VE .(B) - (V_-E) 1n .
2" he VPG M R [VoE
54)

Eqgs. (28) through (31), (49), and (51) determine the
self-consistent results for the V-dependence of S,
VR, and Vi,. These were solved numerically to ob-
tain the correct description of breakdown character-
istics.

In Fig. 6 we plot the theoretical dependence of
the left junction voltage V; as a function of applied
voltage V for a grain electron density of 1017 cm-3
and a barrier height of Vg = 0. 73 eV. The latter
value was chosen to provide a comparison with the
experimental activation energy in Fig. 3. These data
have been replotted in Fig. 6 to provide a comparison
between theory and experiment. The experimental
curve is on a multigrain device, and its voltage scale
has been set by making the two curves agree at the
mid-height point. The theoretical curve for Vp, is
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Fig. 6 The theoretical dependence of the left
junction voltage Vi as a function of applied
voltage V taking Vg = 0.73 eV, nj = 1017 cm's,
T = 300°K. The measured activation energy
Ep, normalized to a single junction (see text),
is also plotted.

for a single grain interface. It shows a reasonable
agreement with the experimental result for the multi-
grain data. The activation energy has only a slight
voltage dependence at small values of applied voltage
V, and decreases dramatically in the breakdown re-
gion. We regard this agreement between theory and
experiment as an important confirmation of our theory.

The numerical solution of the coupled equations
[Egs. (28) through (31), (49), and (51)] is perhaps
somewhat opaque from a physical understanding point
of view. However one can deduce most of the results
by some simple arguments.

An approximate solution is obtained from the
following algorithm. One selects a value of Vy
larger than Eg. The interface charge is given by
Eq. (50). The computer is then used to calculate
/\(VR), since the WKBJ integrals are too complicated
to permit analytical approximation. V7, is thereupon
obtained from Eq. (51), i.e.,

VL ~ VB - kT 1In (S +SA) . (55)

Finally one deduces V = Vp-Vj .

The total current to the right is still given by
Eq. (36). The second term in the bracket is negli-
gible, so that one has

J=J_8 ePVB, . (56)

As shown in Figs. 7 and 9 the current rises
sharply with V in the varistor breakdown region.
This increase is basically a result of the large in-
crease in \. The increase in S is nearly a linear
function of V and does not affect J to a marked ex-
tent. Calculated values of a are given in Figs. 8
and 10. Depending on values of ny and T, the expo-
nent @ can be very large.
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Fig. 7 Log-log plot of the predicted variation of cur-
rent density J with applied voltage V for a single
varistor grain junction. The curves are calculated
for the temperatures indicated. We have set the
ZnO grain donor density n, = 1017 cm~3 and the
junction barrier height Vg = 0.8 eV.

We note that the current J in Eq. (56) is not ther-
mally activated in the breakdown region. When A(VR)
is dominated by tunneling we have A(VR) ~ exp (BVR)
since the major contribution to the integral in Eq. (29)
is at E~ Vg. Thus the quantity A exp (-BVB) is tem-
perature insensitive as is of course verified by nu-
merical evaluation (Figs. 7 and 9).

We may also calculate the varistor capacitance
by evaluating the total electrostatic energy € and
finding its second derivation with respect to V.

e A 2
__o [<19)
e <+ fdx [dx] (57)
2
C=d—28~ (58)
dv
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Fig. 8 Variation of the varistor coeffi-
cient of nonlinearity o. = d1nI/d1nV for
the curves of Fig. 7. The abscissa is
the voltage V applied to the junction.

For example, in the breakdown region, the total en-
ergy density is

[Bﬂezng] e

Ac 2 3/2 2 3/2
= 2€o ty Ly -
&3 € 3 L +3( R ~HH

(o]
vl

+fde [EG+y +by5/2J 1/2} ’
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The three terms in braces are from the left deple=-
tion layer, the right depletion layer, and from the
injected hole region, respectively. We have evalu-
ated Eq. (59) and its second derivative numerically.
The result ig shown in Fig. 11 for n_ = 1017 em-~

and T = 300 K. The capacitance drops by about 40%
with increasing bias voltage until V = 2.5 eV. Fig-
ure 11 shows that the theoretical capacitance then
rises quite steeply. This is a prediction of the theory
which was confirmed by our experiments; this is dis-
cussed below. The differential capacitance evaluated
from Eq. (59) also shows a narrow (~0.1 eV) region
of negative values at 2.5 eV before the steep rise.
This is not observed experimentally, and is not ex-
pected because of considerations regarding the re-
sponse time of the breakdown. The mechanism of
hole creation, which is discussed below, is quite
slow in the region of V ~ 2.5 eV, so that the holes
are not created fast enough in this region to be mea-
sured. Thus Eq. (59) describes a system in equilib-
rium, which may take too long to measure. The re-
sponse time of the system in this voltage range is
discussed further below.

(59)
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Fig. 9 Log-log plot of the predicted variation
of current density J with voltage V for a sin-
gle varistor grain junction. The curves are
calculated for the ZnO grain donor densities
indicated. We have set T = 300°K and the
junction barrier height Vg = 0.8 eV.

The increase in capacitance is easily explained.
Capacitance is charge divided by distance. In the
breakdown region, the hole creation provides a large
amount of charge, and the separation between it and
the electron charge in the interface is small. There-
fore the charge is large and the distance small. This
results in a very large capacitance.

Before turning to a comparison of the model with
experimental data, it is worthwhile to consider some
details of possible mechanisms for creating the holes.
The response time of a varistor is less than 1079 sec
(Ref. 1) and therefore holes must be created on this
time scale. It is unlikely that holes are made by di-
rect tunneling of electrons across the depletion region
from valence band to conduction band. Using a two
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Fig. 11 Calculated variation of the varistor junction
capacitance with applied DC bias voltage V. A
steep rise in the capacitance is predicted to occur
concurrent with the initiation of the hole region.

band model(32, 33) the probability of such an event is
~exp(-W) where W = %EG/hmp~400 for ng = 1017 em=-3
It appears more plausible that holes are created by
interband excitation as the energy loss step of the tun-
neling electrons. When electrons tunnel from the in-
terface to the conduction band, some will have suffi-
cient kinetic energy to create an electron-hole pair by
interband excitation. For ViR > Eg + VB = 4.0 eV all
of the tunneling electrons have sufficient energy to
allow this energy loss process. For intermediate
voltages such that E5 < Vg < Eg + Vg, only thermally
activated electrons have sufficient kinetic energy. The
efficiency of interband excitation of electron-hole pairs
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was reported by Ludwig and Kingsley. (34) The quan-
tum efficiency of pair production and subsequent lu-
minescence by photon excitation was not reported for
ZnO, because the results were found to be sensitive
to surface preparations. The same authors also mea- .
sured the production of electron-hole pairs in ZnO
from low energy electron beam excitation and found a
luminescence efficiency smaller than that due to pho-
ton excitation. In summary, a finite fraction (perhaps
10 to 304) of low energy electrons will make an elec-
tron-hole pair. This provides an adequate rate of
hole production to explain the buildup of the hole
charge necessary for the present theory. A less
certain feature is the mechanism by which the holes
decay. Several mechanisms are possible and are
under study.

The onset of hole production starts at Vp = E ..
Electrons which tunnel elastically from the interface
states have a final kinetic energy of E¢ = E5
which is insufficient to excite interband transitions.
But those electrons which are thermally excited over
the barrier then enter the ZnO grain with kinetic en-
ergy E; = EG which is at the threshold for being able
to excite holes by interband transitions. For higher
applied voltages, where Vp > EG' some of the ther-
mally excited electrons have E;f > Eg and thus can
excite interband excitations and make holes. This is
rather a slow process for bias voltages which have
VR = E@, which is why the capacitance should not
show its negative spike in this region.

_VB

Supporting evidence for this explanation of the
hole creation process can also be found from the so-
called "overshoot" phenomenon. As previously men-
tioned, in typical varistors breakdown occurs in less
than a nanosecond. (1) However, when a fast constant
current step I is applied to a varistor, a time depend-
ent voltage response, V(t), is observed. (35, 36) This
effect, commonly referred to as a voltage overshoot,
is most marked in the first few nanoseconds of the
applied pulse. The effect becomes negligible on a
microsecond time scale. We interpret this time de-
pendent phenomenon as arising from the time asso-
ciated with hole creation.

IV. 'DISCUSSION

Any theory of conduction in metal oxide varistors
must be consistent with the experimental observations
listed in the Introduction. (1-5 We shall compare the
predictions of the model of Section III with measured
data, bearing in mind that the model is derived for a
single grain-grain junction whereas many (but not all -
cf. Fig. 13) measurements on ZnO varistors evaluate
average properties, i.e., the experimental results
are a complex average of numerous parallel-series
paths traversing many junctions in the device under
study.

The model of Section III contains only one unknown
parameter, namely the depletion layer barrier height
Vg- This parameter is easily evaluated from the acti-
vation energy of the very low voltage linear varistor



leakage characteristic. All other constants used are
either known ZnO material parameters or universal
physical constants. Nevertheless we predict the var-
istor breakdown voltage Vi (by definition the voltage
at a current of 1 ma/cm?2) to be 3.2 volts per junction
at T ~ 300°K, no ~ 1017 electrons/cm™3 (Fig. 7a). In
addition, wide variations in temperature T or ZnO
donor density, n,, produce little change in Vy, (Figs. 7
and 9).

To compare our theoretical predictions with ex-
periment requires measurements on a single ZnO
varistor grain junction. Such data were obtained by
carefully evaporating a pair of opposing Al electrodes
having 10 | separation on the surface of a varistor
disc. The varistor grain size was about 25 u and the
electrodes lay on either side of a single ZnO grain
junction. A photomicrograph of the experimental con-
figuration is given in Fig. 12. '

ALUMINUM ELECTRODES

0p

Fig. 12 Photomicrograph of evaporated Al elec-
trode configuration on the surface of a ZnO
varistor. The electrodes have ohmic contact
to two ZnO grains separated by a single grain
barrier. The measured current-voltage curve
is given in Fig. 13.

In Fig. 13 we plot the room temperature current-
voltage characteristic measured experimentally on a
single ZnO varistor junction of the type shown in
Fig. 12. Assuming that the area of grain-grain con-
tact ~10 y x 10 y, a current of 1079 ampere corre-
sponds to a current density of 1073 ampere/cm?.
Thus from Fig. 13, we obtain the experimental value
of V. =~ 3. 3 volts per grain junction. For the sample
of Fig. 13, ng = 1017 electrons/cm3, (8) and we have
also plotted the appropriate calculated curve. The
agreement between our model and the experimental
single junction measurements is remarkably good
except at very high current densities where the ex-
perimental voltage rises above the theoretical curve
due to the series resistance of the ZnO grains.

This effect has not been included in our model.
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Fig. 13 Experimental and calculated current-
voltage characteristic of a single ZnO varis-
tor grain junction. The observed decrease
in nonlinearity at high current densities is
due to the series resistance of the ZnO grains.
(Ref. 1) This has not been included in our
model.

We have also repeated the single grain measure-
ments on a variety of other varistor types and compo-
sitions (some without bismuth) and have found break-
down voltages ?%%?e to that of Fig. 13. Van Kemenade
and Eijnthoven have made similar single junction
studies. They find Vp ~ 3.5 volts at 10-6 ampere
which we presume corresponds to a current density
of about 1 ampere/cm2. From Fi%. Tb we predict
Vb = 3.6 volts at J = 1 ampere/cm?. Again the agree-
ment is remarkably good and both the model and the
experimental data exhibit similar values of Vi for wide
variations in the varistor composition and processing.

We may also compare the predicted and experi-
mentally measured temperature dependence of the
varistor breakdown voltage, 1/Vy, (dVy/dT);. This
quantity is usually measured at a current density of
10-3 ampere/cm2. From Fig. 7Tb the predicted value
is 1/Vp, (dVp/dT) = 8 x 10-49% "1 between 150°K and
300K in good agreement with experiment. (4, 5, 15)

In Fig. 8 we give the predicted values of the non-
linear experiment ¢ corresponding to the curves of
Fig. 7. Values of a well in excess of 50 are found
with the higher values of a at the lower temperatures.
This is confirmed experimentally. Note also that
the model predicts that the peak in o moves to lower
currents at lower temperatures. This is also cor-
roborated experimentally.

In Figs. 9a and 9b we present plots of current
density J vs. applied junction voltage for the indicated
values of donor density in the ZnO grains. The point
to be emphasized is that increased ZnO carrier con-
centration n, leads to increased varistor leakage but
does not appreciably affect the varistor breakdown.
This is to be contrasted with the model of Bernasconi,
et al. (11,13 and Knecht and Klein(25) which predicts

a significant dependence of Vi, upon n.



We have also measured the variation of varistor
capacitance with applied DC bias. Figure 14 gives
C(V)/C(0) for a varistor with Vi, ~ 230 volts. The
measured capacitance drops by about 304 until the
varistor breakdown region is reached, whereupon a
sharp increase in C is observed. Values of C at
higher voltages could not be obtained due to the pres-
ence of large DC currents in the device. It is inter-
esting to note that the measured behavior is quite
similar to that predicted in Fig. 11. To our knowledge,
no other model of varistor behavior predicts this sharp
rise in capacitance in the breakdown region.
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Fig. 14 Experimentally measured variation
of the varistor capacitance with applied DC
bias voltage. Note the steep rise for volt-
ages in the varistor breakdown region.

V. SUMMARY
A theory is presented which quantitatively accounts

for the important features of conduction in ZnO-based
metal oxide varistors. It predicts:
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o Coefficients of nonlinearity o as high as 50
or even 100

e Breakdown voltage insensitive to tempera-
ture and electron concentration in the ZnO
grains

e Varistor leakage currents which increase
with temperature and electron concentra-
tion in the ZnO grains

e Breakdown voltage at 1 ma/cm2 of 3 to
3.5 volts/grain which is insensitive to the
metal oxide additives and the firing and
processing procedures

e Capacitance which initially decreases with
increasing applied DC bias and then sharply
rises as the breakdown voltage is approached

e A prebreakdown activation energy Ep having
a voltage dependence in good agreement with
experiment

The theory has no adjustable parameters and uses
only known material parameters such as the ZnO band
gap, measurable extrinsic ZnO grain donor concentra-
tion and varistor low voltage leakage current activation
energy. The highly nonlinear varistor conduction be-
havior results from electron tunneling "triggered" by
hole creation in the ZnO when the conduction band in
the grain interior drops below the top of the valence
band at the grain interface.
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APPENDICES

These appendices provide details of the calcula-
tions of Section III,

A. PREBREAKDOWN

Here the potential energy U(x) for the band bend-
ing is U(x) = ny y (xg-x)%, where xp is chosen to give
VR = ng yxg2 and y = 2qe®/c,. The WKBJ integral
for tunneling from the interface at an energy E below
the top of the interface, as in Fig. 5, is

1/2

1/2
W=z [k dx=2<212“> [ ax [yn, (xg-x)% + E -Vl . (A1)
A

By changing integration variables to y = (yng)'/2 (xg-x),

the integral may be expressed as

Vv I
hif B gy /i +E - Vh (A2)
UJp ﬁ;R_E

where wpz = 4mn, ez/eom .
This is a standard integral which gives Eq. (31).

B. HOLE CREATION

The potential U(x) has a non-parabolic shape in
the region of the holes. The potential is

U(X)=EG+f(X) 0 <xs<xXp
(B1)

X, SXSX

U(x) = yrxo(xR-x)2 H

R
where xpy marks the end of the hole region (Fig. 5).

Atx =xq, £=0, i.e.,

U(xH) = EG . (B2)
The value of xy is found by solving Eq. (43).
Atx =0, Ulx) = Vg, i.e.,
f(0) = VR = EG . (B3)

At the end of the hole region, U(x) is continuous and
has a continuous derivative. From Egq. (Bl),

2

U()cH) =Eq = ya (XR-XH) i (B4)
af) )
(‘d-;{') = 2\(1’10 (XR XH) ’ (B5)
*H
=2 (4 B2, (B6)
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using Eq. (B4). From Eq. (B6) we obtain the constant
of integration C in Eq. (45). This follows since at x,
where f = 0, we have from Eq. (43)

2
df o
<dx> = 4yn,C , (B7)
*H
so that C = E,. The value of xy is found from Eq. (46)
at x = 0, where f(0) = VR - EG. Thus
Vg-Eq -1/2
.. dy [En~ +y +—by5/2J . (B8)
H 2/yng 0 G
We then have from Eq. (B5)
1/2
xg = xg *+ (Eg/yny) / . (B9)

This determines X,; and XR’ so the potential is com-

pletely specified.

C. TUNNELING BARRIERS WITH HOLE SPACE
CHARGE

The WKBJ tunneling integral for a particle of
energy E depends upon whether the tunneling barrier
is confined to the hole region. This happens when

E < VR - EG' The tunneling integral is
o 1/2 -
W =2 (F) fdx,/U(x) +E - VR (C1)
where
U(x) = Eg+ f(x) » (C2)

We evaluate W by changing the variable of integration

to f(x) and using Eq. (43) for (df/dx). Thus
1/2
2m
W =2 N [i‘.‘_ Vi +E-VR+EG (C3)
")
dx
and substituting Eq. (43) gives
o 1/2
Vi Eg /
+E - +
2 f+E VR EG
" at 572 | ° (C4)
p EG +f + bf
-E_-E
VR G
Equation (C4) becomes Eq. (52) with the change of
variables f = Vp-E5-y.
The other possibility is E > VR~EG. Here the

tunneling is partly through the hole region, and partly
in the donor depletion region. In the region of holes,



the WKBJ integral is similar to Eq. (C4), except now
the integration limits extend to the edge of the region
atf =0, i.e.,

1/2

e f+E -V, +E

v
mei [ e 572G i
+f 4+
5 Eg +f+bf

p

Equation (C5) is identical to Eq. (53) sincepp = VR—EG
The other contribution is the part of the tunnelingtra-"
jectory through the donor depletion region
12
2\ V2 T d (xp-x)2 +E-V
W2=2<;2—> f X | yng(xp -x R
*H
(C86)
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This is evaluated by changing variables to y = (xR-x)

/Yno, to give

__2 \/___—‘__
W, = —— EG(E+EG VR)

2 hw
P

(VR -E)1n

which is Eq. (54).

/BT G~ Vn
N VR -E

(C7)
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